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Abstract. The paper presents an mathematical analysis of a 

stepped function denoted as fN=6 . This function describes 

precisely an output voltage waveform of a 3-level inverter. The 

analysis proves that cascaded inverters give a very good 

performance of the output voltage according to a criterion of 

minimal THD. Optimal parameters are indicated in the paper. 

They permit to diminish the THD factor to a level below 21% 

while in standard NPC inverters such a result requires special 

treatment. 
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1.  Introduction 
 

In order to enlarge output power and simultaneously 

improve shape wave forms generated by inverters it is 

possible to use multilevel inverters. Among them the 

NPC3-level inverter is largely used and applied in industry 

and its properties or drawbacks are well known. But it is 

possible to design3-level inverters as a composition of two 

standard 2-level inverters. There are more than one 

topology solutions permitting to obtain such a result. Most 

of them have been largely discussed in power electronics 

literature. They prove that higher level of output power as 

well as wave form improvement can be reached in many 

ways. 

 

The simplest idea to have satisfactory results has been 

illustrated in Fig.1. The circuit presents a one phase 3-level 

inverter consisting of two HB inverters: F 1 (T 1, T 2, T 3, 

T 4 ),F 2 (T 5, T 6, T 7, T 8 ) and a summing block - ∑.The 

symbol Z represents load. The inverters are supplied by 

DC sources UD1 and UD2 respectively. Generally the source 

voltages UD1 and UD2must not be equal 

 

The simplest way of control consists in simultaneously 

switching pairs of transistors e.g. T 1-T 4 ,T 2 -T 3 , T 5-

T 8  and T 6 - T 7 . If transistor drivers generate control 

signals in the shape of rectangular waves than the cascaded 

inverter produces a stepped output voltage. 

 

 
Fig.1. The idea of the one phase cascaded inverter. 

 

The following switching sequence: T 1-T 4 ,  

T 1 - T 4 ∩ T 5-T 8 , T 1 - T 4 , T 2 -T 3 , T 2 - T 3 ∩ T 6 -

T 7 , T 2 - T 3 , where transistor pairs are switched 

successively on angle range π/3 of the period, effects the 

output voltage takes a form of a stepped function 

presented in Fig.2. The presented wave form has been 

obtained when supply voltages UD1 and UD2 were equal 

(200 V).In the paper this stepped function will be denoted 

as fN=6 cause it has 6 steps in one period. 

 

 
Fig.2. The fN=6 output voltage wave form of the cascaded 

inverter. 

 

In standard NPC 3-level inverters it is possible to obtain 

the same voltage wave form. The control sequence 
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should be different because one phase branch of the NPC 

inverter has only 4 transistors. The NPC inverter is 

presented in Fig 3 

 

 
Fig.3. The circuit diagram of the Neutral Point Clamped Inverter. 

 

The following switching sequence in phase A: T 3 -T 4 , 

T 2 - T 3 , T 1 - T 2 ,  T 1 -T 2 , T 2 - T 3 ,  T 3 - T 4  permits 

to obtain a stepped voltage wave form. It is assumed that 

the angle range of each step is α = π / 3(60˚). In such a case 

Fig.4 presents three phase polar voltage wave forms and 

resulting in a shape of the phase-to-phase voltage uAB. The 

phase voltages have been referenced to the negative pole 

of the DC voltage. The negative pole is denoted as 0 while 

the positive one as 2. Additionally the midpoint potential is 

denoted as 1. 

 

 
Fig. 4. Phase polar voltage wave forms and phase-to-phase 

voltage uAB. 

 

The phase-to-phase voltage wave form uAB takes a form of 

the fN=6 stepped function and may be recognized as a weak 

approximation of a function f (x)=sin(x) in the interval 

< 0, 2π ). Fourier transform of the fN=6 stepped function 

gives a set of harmonics. Assuming the fundamental 

harmonic equal to 1it is possible to count all step measures 

of the fN=6 function. The set of coefficients has been 

presented in Table 1. In order to compare fN=6 and fN=12 

functions the coefficients of the fN=12 has been also 

introduced into Table 1.The fN=6 and fN=12 function wave 

forms and their spectra have been presented in Fig. 5 and 

Fig. 6. 

 
TABLE I. - The coefficients fN(x) for two step numbers N: 

N=6, N=12. 

 

Angle range <0, 60˚) <60˚,120˚) <120˚,180˚) 

FN=6 0,4775 0,9549 0,4775 

Angle range <0, 30˚) <30˚,60˚) <60˚,90˚) 

FN=12 0,2559 0,6990 0,9549 

Angle range <180˚,210˚) <210˚,240˚) <240˚,270˚) 

FN=12 -0,2559 -0,6990 -0,9549 

Angle range <180˚,240˚) <240˚,300˚) <300˚,360˚) 

FN=6 -0,4775 -0,9549 -0,4775 

Angle range <90˚,120˚) <120˚,150˚) <150˚,180˚) 

FN=12 0,9549 0,6990 0,2559 

Angle range <270˚,300˚) <300˚,330˚) <330˚,360˚) 

FN=12 -0,9549 -0,6990 -0,2559 

 

 
a) fN=6  

 

 
b) THD = 31,09 % 

 

Fig. 5. Stepped function fN=6  in the interval< 0, 2π ): a) wave 

formfN=6 , b) spectrum and THD factor. 
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a) fN=6  

 

 
b) THD = 15,23 % 

 

Fig. 6. Stepped function fN=12 in the interval < 0, 2π ): a) wave 

form,  b) spectrum and THD factor. 

 

The most important and effective criterion of 

approximation quality is the THD (Total Harmonic 

Distortion) factor. Hence in Fig. 5 and Fig. 6 THD factors 

of spectra have been also included. There are a few 

methods permitting to calculate THD factors. An analytic 

method for the THD computation by the Cauchy method 

of residues has been presented in [1]. 

It is evident that in order to decrease the THD factor of the 

stepped function it is necessary to develop more precisely 

formed steps of the function. In NPC inverters it is 

impossible assuming that the PWM method is not 

considered but in cascaded inverters it requires to use a 

next HB inverter and a next supplying voltage UD3 up to 

numerous units [2]. 

 

The aim of this contribution is to prove that it is possible to 

diminish the THD factor in the cascaded inverter 

consisting of two HB inverters. Indispens able conditions 

to realize an inverter generating an optimal stepped voltage 

wave form fN=6 are to be discussed in next chapters of the 

paper. 

 

2.  Higher harmonics’ content of the stepped 

wave form fN=6 
 

Assuming that fN=6function is symmetrical in every half-

interval of the function period in relation to the symmetry 

axes x =  / 2 andx = 3 / 2, the shape of the fN=6 may be 

defined by two parameters: step levels ratio V0/V1 and the 

angle α defining the “length” of the first step. For the 

wave form in Fig. 5 the ratio V0 /V1 = 0,5 and the angle 

 =  / 3. 

 

Two examples of function FN=6 approximation have been 

presented in Fig. 7 and 8. Parameters of wave form in 

Fig. 7 are the following:  0=  / 6, V0 = 0,2559, 

V1 = 0,8270, so the ratio  = V0 /V1 is approximately 

equal to 0,31. The wave form spectrum is not so regular 

as presented before in Fig. 5 and 6. That wave forms 

have been built from N regular and equal length pulses. 

Knowing number N it is possible to define frequencies of 

all nonzero harmonics according to relation ( n N1) f 1, 

where f1 denotes frequency of fundamental harmonic. 

 

The wave in Fig. 7 has not the regular spectrum as 

spectra mentioned before. It includes lower harmonics 

including the third one but its THD factor doesn’t exceed 

21,62% and the mean-square error  = 0,0222. This 

result seems to be very promising in comparison with 

31,09% of the wave form in Fig. 5. 

 

 
a) fN=6  

 

 
b) THD = 21,62 % 

 
Fig. 7. Approximation off (x)=sin(x) function in the interval 

< 0, 2π ): a) wave form fN=6:( =  / 6, = 0,31.),  

b) harmonic spectrum. 
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Even harmonics do not appear in wave forms considered 

in the paper. Odder harmonics bk appearing in stepped 

wave forms fN=6 defined by parametersV0, V1,  can be 

calculated according to expression: 

     ,...5,3,1cos
4

010  kkVVV
k

bk 


 (1) 

 

In which V0andV1denote step level values and the 

angleαdenotes the angle range of the first step. 

 

The expression (1) is very useful and analysed largely in 

professionalliterature [3, 4]. Thanks to (1) it is possible to 

define parameters of the fN=6 permitting to eliminate 

selected odder harmonics. There are many examples and 

discussions published in contributions concerning 3-level 

inverters. Assuming elimination of third and fifth 

harmonics it is possible to obtain a system of equations 2. 
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Solving this system we obtain the following parameters of 

the fN=6 wave form:  

.0;1;
4

;9481,0;3927,0 53110  bbbVV




The final wave form is presented in Fig. 8. Note that the 

THD factor’s value is 23,1%. 
 

 
a) fN=6  

 

 
b) THD = 23,1%  

 

Fig. 8. Approximation off (x)=sin(x) function in the interval 

< 0, 2π ): a) wave form fN=6:( =  / 4 , = 0,414), b) harmonic 

spectrum. 

 

The formula (1) may be converted to the form 

 

    


cos1
4 1

1 
V

b    (3) 

 

The fundamental harmonic b1 is a function of two 

parameters: ratio of step levels  = V0 /V1 and angle range 

of first step 

 

  ,1b    (4) 

 

It is possible to present b1 function in a three-dimensional 

rectangular coordinates system. The image of the 

function b1(α , θ ) has been presented in Fig.9. It was 

assumed that the range of parameters was limited to: 

α < 0, 70 > , θ < 0.1, 1 >  a n d  V1= 1. 

 

The amplitude of fundamental harmonic strongly 

diminishes for low values of θ < 0, 3 and simultaneously 

increasing values of the angle α > 50. Then one can 

expect that THD factor increases because its value is 

inversely proportional to the fundamental harmonic. 

 

 
Fig. 9. The image of the function b1(α , θ ): Values of 

fundamental harmonic b1 presented in 3-dimensional 

rectangular coordinates system: α < 0, 70 > , θ < 0.1, 1 > . 

 

1. Optimal shape of the wave form fN=6 

 
Assuming the smallest THD factor value as a criterion of 

an optimal wave form fN=6 shape it is possible to find 

relevant parameters V0, V1, α which assure the minimal 

value of this factor. According to the definition THD 

factor is given as: 

 







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b

THD
1

2

12
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Taking into consideration (1) and introducing a function 

f(α,θ) the THD definition may be expressed as: 

 

 


,
4

1

1 f
b

V
THD     (6) 

 

The f(α,θ )is the function of two variables defined earlier: 

α,θ and is given as: 
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The f(α,θ) determines a wave form shape and in order to 

find a minimum of the THD factor it is obligatory to find a 

minimum of the function f(α,θ). So, the question of THD 

minimum reduces to the question of f(α,θ) minimum [5]. 

 

The domain of the function f(α,θ) is determined by a plane 

area limited to a rectangle which dimensions 

are:0  α   / 2 , 0  θ  1. Theoretically the variables 

αandθcould accept extreme values  = 0  α =  / 2 a n d  

θ = 0  θ = 1 but practically they are limited to a definite 

range. The image of f(α,θ) in a three-dimensional 

coordinate system has been presented in Fig. 10. The area 

corresponding to the lowest values has been denoted in 

blue colour. 

 

 
Fig. 10. Image of the function f(α,θ)in three-dimensional 

coordinate system. 

 

The next Fig. 11 presents a vertical projection of the 

function f(α,θ) on the (α,θ) plane. The blue area 

determines a set of optimal parameters according to the 

assumed  criterion. 

A few function f(α,θ) diagrams for selected θ have been 

presented in Fig. 12. The shape function f(α,θ) reaches 

least values for two θ coefficients: θ = 0,3 and  

θ = 0,4. Final analysis of calculation results1proved that 

the function f(α,θ)should have its expected minimum at 

point(α= 36, θ=0,35). The minimal value of the shape 

function is f(α,θ)≈ 0.0325. 

1Calculations of f(α,θ)  

have been done in Excel. 

 

 
Fig. 11. Vertical projection of the function f(α,θ)on (α,θ)plane. 

 

 
Fig. 12. The f(α,θ)values for selected θ in the angle range  

α<15° 65°>. 

 

The wave form approaching to the best one according to 

aforementioned criterion as well as its spectrum have 

been presented in Fig. 13.  
Parameters of the function f (α , θ ) are the following: 

α = 40˚,θ = 0,4 and resulting in parameters of the fN=6 are: 

V0 = 0,3655,V1 = 0,9136. The THD value is 20,98%. 
 

 
a) fN=6  
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b) THD = 20,98 % 

 
Fig. 13. Approximation of the function f (x)=sin(x) in the 

interval< 0, 2π )by use of the stepped wave form  

fN=6( = 2 / 9, θ = 0 . 4 ):a) fN=6, b) spectrum. 

 

4.  Cascaded 3-level inverter with reduced 

THD 
 

A schematic diagram of a cascaded inverter has been 

presented in Fig. 14. In such a kind of the 3-level cascaded 

VSI the summing block is not needed because output 

voltages of constituent inverters are connected in series. 

So, the final output voltage is created as a result of a sum 

or a difference of two voltage values.  

 

 
Fig. 14. Cascaded three phase 3-level inverter. 

 

Applying a very simple rule of control it is possible to 

obtain three-phase 3-level voltage wave form supplying 

the output load. For illustration the switching sequence: 

T 1-T 4 , T 1 - T 4 ∩ T 5-T 8 , T 1 - T 4 ,  T 2 -T 3 , T 2 -

T 3 ∩ T 6 - T 7 , T 2 - T 3  presented in Chapter I assures 3-

level wave forms. It is evident that successive phase 

control signals are adequately shifted. According to results 

of wave form optimization a very good approximation is 

possible to realize if angle range and supply voltages have 

to satisfy parameters: α = 40˚, θ = 0,4, V0 = 0,3655, 

V1 = 0,9136. Resulting in supply voltages UD1 and UD2 

have to be calculated to reach an assumed value of the 

fundamental harmonic. For instance the inverter supplied 

byUD1 = 110 V and UD2= 165 V generates stepped wave 

forms fN=6 that the fundamental harmonic b1 = 300V and 

THD = 20,98 %. 

 

5.  Conclusion 
 

According to assumed criterion of minimal THDthe best 

3-level stepped voltage can be realized if both parts of a 

standard 3-level NPC inverter or both H inverters in 

cascaded topology are supplied by two different DC 

voltages.Research results presented in the paper prove 

that in orderto obtain minimal THD factor of the output 

voltage it is necessary to use precisely calculated 

parameters of DC voltage supplying the inverter units. 

Next requirement relates to parameters of the stepped 

wave form fN=.  It seems that such a solution is easier to 

develop in cascaded inverters than in 3-level ones. 

Optimal parameters of the output voltage: α = 3 6 ˚ (π/5), 

θ = 0,35guarantee the minimal value of the THD factor. 

Theoretically the same result could be achieved in 

standard NPC 3-level inverters but it would be necessary 

to divide intermediary DC voltage according to optimal 

parameters as well as to maintain this state during active 

work of the inverter. 
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