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Abstract. Proton Exchange Membrane (PEM) Fuel Cells are 
power sources that convert energy of gaseous hydrogen into 
electric energy. In comparison with usual electrical batteries, 
PEM Fuel Cells are best suited to applications adaptable to 
customer demands that involve high power density, stability and 
prolonged life cycle. From the mathematical point of view, PEM 
Fuel Cells are a multivariable nonlinear system. Experimental 
investigation of such as a system considering as many input 
factors without a proper statistical method could result in 
hundreds of time-consuming experiments that cannot guarantee 
an adequate solution. The Design of Experiment provides a very 
efficient methodology to obtain a mathematical model for the 
PEM Fuel Cells with only a few experiments. In this paper, the 
development of a PEM Fuel Cells mathematical model based on 
the Design of Experiment methodology is described. 
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1. Introduction 
 
Figure 1 shows the Voltage-Current characteristic of a 
Fuel Cell. The PEM Fuel Cell can be operated in different 
current density regions. From a utilization point of view, 
the PEM Fuel Cell should operate over the high-output 
power region, located around the knee of the slow 
downward portion of the Voltage-Current characteristic. 
The design goal of this paper is to use a priori 
experimental information to identify the main input factors 
that contribute to the PEM Fuel Cells output voltage 
behaviour in the region of high-output power, where the 
operation point is expected, and to prepare the appropriate 
Design of Experiment in order to obtain the mathematical 
model of the high-output power region. For this, shall be 
chosen the local region, the basic level and the variation 
intervals of the input factor [1], [2], [4]. 
 
The experiments were performed on a PEM Fuel Cell 
made with the following components:  

− Polymeric membrane with platinum catalyst, the 
active surface of 92 cm2, capable of working at 
power density of 0.3 ÷ 0.5 W/cm2. 

− The gas diffusion layer-type graphite paper 
Sigracet® of 315 µm thickness, 75% porosity 
and maximum 14 mΩ/cm2. 

− The elastomer gaskets with hardness of 35 ± 5 
Shore A, supported temperatures from minus 
400C to plus 1200C. 

− Graphite plates with nominal density of 1.5 
g/cm3, electrical resistivity of 7 µΩm (x-y) and 
300 µΩm (z). 

 

 

Fig. 1 The Voltage-Current characteristic of a Fuel Cell 

2.  Preliminary experimental investigations 

Before starting the modelling process, the PEM Fuel Cell 
must be experimental investigated to a certain extend. 
The information contained in the results of experimental 
investigation is called a priori information (i.e. obtained 
before the beginning of the experiment). This a priory 
information is used to get an idea of the optimization 
parameters, of the factors, of the best conditions for 
conducting the process and the nature of the response 
surface, i.e. of how greatly the optimization parameter 
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varies with small variations in the values of the factors, 
and also the curvature of the surface. The selection of the 
experimental region of factor space can be made only after 
a detailed analysis of a priori information. In the 
following, some representative results of the preliminary 
experimental investigation will be given. Factors included 
in experimental investigations are the mechanical 
compression of the polymeric membrane and the operating 
temperature of the cells. Two outputs or responses are 
considered: output power and output voltage. Both 
responses are expected to change with a change in any of 
considered factors. Results of the experimental 
investigations are given in Figures 2 and 3. 

 

Fig. 2 The influence of mechanical compression of the polymeric 
membrane at 55 0C [3] 

 

 

Fig. 3 The temperature influence at 45% mechanical compression 
of the polymeric membrane [3] 

3. Factors, Levels and Responses 

It is necessary to find a local sub region for designing an 
experiment in the region of determination. The procedure 
for selecting this sub region includes two steps, namely, 
selection of the basic level and selection of the variation 
intervals. The factor levels selected after the analysis of the 
a priori experimental results presented in Figure 2 and 3 
are the following: 

− For the mechanical compression of the polymeric 
membrane: 35% - 45% - 55%, 

− For the temperature of the cell: 400C – 550C – 
700C, 

For the output current of Fuel Cell, considered as an 
experimental factor, its levels have to be chosen in 
different region on the current density axis:  

− ( 0.40 - 0.45 - 0.50) for the case investigated in 
Figure 2,  

− (0.50 - 0.60 - 0.70) for the case investigated in 
Figure 3. 

It should also be noted that for simplifying the recording 
of the conditions of an experiment and processing of the 
experimental data, the scales along the axes are so 
selected that the upper level corresponds to +1, the lower 
level to -1 and the basic level to zero. For factors with a 
continuous determination region, this can always be done 
with the aid of the transformation: 

 

where: xi is the coded value of the factor, Xi is the natural 
value of the factor, Ximed is the natural value of the basic 
level, and Ximin is the lower value of the factor. 

For factors having two levels, one level is denoted by +1 
and the other by -1. The mathematical model which can 
be developed taking into account separately, the 
considered factors and also the output current of the Fuel 
Cell, will have the following expression [5]: 

 

where the coefficients are given by the formula: 

 

where N is the experiment numbers and Yu is the 
appropriate yield value for each experiment. 
The power’s response surface in the vicinity of the 
maximum for current density factor x and mechanical 
compression factor y has the following mathematical 
model: 

 

The mathematical model of the power’s response surface 
for current density factor z and temperature factor n is 
similar: 

 

The factor levels of mechanical compression – current 
density sub-region and cell’s delivered power, and also 
the factor levels of temperature – current density sub-
region and the cell’s delivered power are shown in the 
table 1 and table 2, respectively.  
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The matrix of the 23 factorial experiment design is shown 
in the table 3.  

A. The Response Surface of Mechanical Compression 

Taking into account the matrix of the experiment design 
given in table 3, the coefficients of the response surface 
f(x, y) are given by the following relations: 

 

Response surface equation for the mechanical compression 
– current density sub-region will be: 

 

In figure 4 is shown the contour plot of the response 
surface for the mechanical compression and in figures 5 
and 6 are shown several delivered power dependences of 
current density and of mechanical compression, 
respectively. 
The natural values of the current density X, in A/cm2, 
taking into account the factor’s correspondence with the 
coded values x of Table 1, can be obtained with the 
formula: 

 

In the same way can be obtained the natural values of the 
percent values of the mechanical compression Y from the 
coded values y given in the Table 1: 

 

From the diagrams of Figure 6 one can determine the 
optimal value of the mechanical compression Yopt at the 
considered fuel cell temperature (55 0C).  By using the last 
formula, this optimal value is of 48%.  

Power versus curent density and mechanical compression

f  

Fig. 4 Contour plot of the response surface  
for the mechanical compression 
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Fig. 5 Fuel Cell delivered power versus current density  
for three levels of mechanical compression  
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Fig. 6 Fuel Cell delivered power versus mechanical 
compression for three levels of current density  

A. The Response Surface of Fuel Cell Temperature 

The coefficients of the response surface h(z, n), taking 
into account the matrix of the experiment design given in 
table 3, are given by the following relations: 
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Response surface equation for the temperature – current 
density sub-region will be: 

 

In figure 7 is shown the contour plot of the response 
surface for the temperature and in figures 8 and 9 are 
shown several delivered power dependences of current 
density and of fuel cell temperature, respectively. 
The natural values of the current density Z, in A/cm2, 
taking into account the factor’s correspondence with the 
coded values z of Table 2, can be obtained with the 
formula: 

 

In the same way can be obtained the natural values of the 
fuel cell temperature N from the coded values n given in 
the Table 2: 

 

Power versus current density and temperature

h  

Fig. 7 Contour plot of the response surface  
for the fuel cell temperature 
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Fig. 8 Fuel Cell delivered power versus current density  
for three levels of the fuel cell temperature 
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Fig. 9 Fuel Cell delivered power versus the fuel cell temperature 
for three levels of current density 

 

4. Conclusion 

Design of Experiment methodology provides a very 
efficient method to obtain a polynomial optimization 
model for the studied multivariable PEM Fuel Cell 
system. 
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Table 3. The matrix of the 23 factorial experiment design 
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