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Abstract. In this paper, a simple but clear method finding an 
L-C network satisfying reactances or susceptances at given 
frequencies is proposed. Applying this method to synthesizing 
series-parallel compensator, unity power factor can be obtained 
when frequency-dependent impedances of nonlinear load are 
given. A series-parallel compensator can also be used to isolate a 
load from a source with respect to harmonics.
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1. Introduction

Since Lyon reported that the current in an ac system 
cannot be optimum [1], reactive power has been blamed 
for increased transmission losses, and reactive power 
compensation at the load side has been considered very 
important because it minimizes transmission loss [2–10]. 
In transmision systems, a series compensation is effective 
and being used [2]. In a load side, parallel compensation is 
being used widely. The advent of power electronics made 
harmonics proliferous in power systems. More 
complicated and sophistigated compensator is needed [3-
10]. In this paper, a series-parallel compensation which is 
very effective in compensating a nonlinear load whose 
impedances are given and in isolating a power source 
from a harmonic-polluted load, is studied. A series-
parallel compensation has been studied by Prof. Czarnecki 
for a load side compensation [9], [10]. However, the 
explanation about the principle and the process of series-
parallel compensation is not satisfactory. In this paper, 
two kinds of L-C circuits are studied as building blocks 
for series-parallel compensator: series L-C circuits in 
parallel and parallel L-C circuits in series. A simple and 
systematic design method for an L-C network (a building 
block) satisfying reactances or susceptances at given 
frequencies is given, which is a basis for a design of the 
series-parallel compensator.

2. Power analysis of harmonic polluted 
system

A simple frequency-domain interpretation of reactive 
power in Fig 1 is possible using Fourier analysis. An 
orthogonal decomposition of the voltages and the currents,
assuming periodicity, is given as follows [11], [12]:

,     (1a)

for l = 1, 2 ,…, m, (1b)

where

tkVvtkVv kkkk ww cos2,sin2 221212 == --
(2a)

tkIitkIi kkkk ww cos2,sin2 221212 == --
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Vj and Ij are signed rms values of vj and ij respectively. 
Their absolute values are rms values and their signs are 
dependent on the directions of voltage and current 
references shown in Fig. 1. Two components, {vi, ii} and 
{vj, ij}, are considered orthogonal to each other because 
the products, vi ij and vj ii, do not produce average power 
over a period. The average power over a period is given 
by
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The effective current and the effective voltage are defined
by

.         (4)

The transmission loss is proportional to the square of the 
effective current Ie. The apparent power and the reactive 
power is defined by

eeIVS º , 22 PSQ -º . (5)
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Fig. 1. Power system.

The condition for achieving unity power factor is that the 
currents must have the same spectral distribution as the
voltages in order to achieve unity power factor. It is 
known that currents yielding average power P with zero 
reactive power is given by
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Multiplying Vi to both sides, 
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Combining 2kth and (2k+1)th components, harmonic 
power for ωk can be obtained:
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The superscripts denote the angular frequency of the 
harmonic.

3. Compensation of power system

The series-parallel compensator can be used in a power 
system to enhance power factors by compensating circuits. 
The series-parallel compensator can be applied to three 
specific cases: 1) when impedance of frequency-
dependent load is given, 2) when harmonic powers of load 
are given and 3) when harmonic isolation between a 
power source and a load is needed. 

3.1 Compensation when load impedance and total power 

are given

Some nonlinear load such as discharge lamp can be 
modelled as a frequency-dependent impedance. Power 
system with this kind of load can have unity power factor 
when compensated with series-parallel compensator as 
shown in Fig. 2. The series-parallel compensator can 
distribute the harmonic power to satisfy unity power 
factor condition. To be unity power factor at source side, 
the power should be distributed as follows:
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The superscripts of current and voltage phasors denote the 
angular frequency of the phasor. Each harmonic current 
should be as follows:
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The compensator, placed between the source and the load, 
is a linear reactive circuit where power is neither 
generated nor dissipated for each harmonic. Accordingly, 
the harmonic power at load side is equal to that at source 
side:
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Being the load impedance given, the magnitude of load 
voltage for each harmonic is given by
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From the phasor diagram in Fig. 2(b), the reactance of the 
series element is given by
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And the phasor voltage across the load is given by
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iw
LV can be obtained by substituting (13) into (14). The 

load current is given by
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The compensation current is given by
iii www

sLC III -= . (16)

The susceptance of the parallel element is given by

i

i

i
j

B w

w
w

L

C
P

V

I
= .  (17)                            

Thus, series-parallel compensator is synthesized.
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Fig. 2. Series-parallel compensator: (a) circuit diagram, (b) its 

phasor diagram

3.2 Compensation when harmonic powers and their 

voltages are given

Harmonic powers as in a thyristor rectifier are thought 
given. There is no power redistribution among frequencies 
when an L-C network is used. Therefore, the series-
parallel compensator could not redistribute harmonic 
powers, Each harmonic power at the load side is 
conserved at the source side, i.e.

ii PP ww
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Each harmonic current should be as follows:
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Considering Fig. 2, the series reactive component is given 
by
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Substituting (20) into (14), iw
LV is given. In this case, 

power is given, so iω
LI is given by
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Equations (16) and (17) is still valid in this case.

3.3 Compensation Circuit Synthesis

In a case with two frequencies, the circuits in Fig. 3 can 
be considered for a single element in Fig. 2. The
susceptance variations are shown in Fig. 3. When the 
circuit in Fig. 3(a) is used, the susceptances B(ω1) and 
B(ω2) at the two frequencies can be satisfied with the 
following circuit parameters:
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where ω2 > ω1 is assumed. For the circuit parameters to be 
positive the following conditions should be satisfied:
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If B(ω1) is negative and B(ω2) is positive, this circuit 
cannot be used. If B(ω1) is positive and B(ω2) is negative, 
there is no restrictive condition, i.e. any susceptances can 
be satisfied.

When the circuit in Fig. 3(b) is used, the susceptances 
B(ω1) and B(ω2) at the two frequencies can be satisfied 
with the following circuit parameters:
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For the circuit parameters to be positive, the conditions 
(24) and (25) should be satisfied.

If B(ω1) is positive and B(ω2) is negative, this circuit 
cannot be used. If B(ω1) is negative and B(ω2) is positive, 
there is no restrictive condition.

For two or more frequencies, multiple series-connected 
circuits in Fig. 3(a) can be parallel connected as shown in 
Fig. 5(a). Multiple parallel-connected circuits in Fig. 3(b)

can be series connected for the same purpose. The circuit 
in Fig. 5 was intensively studied by Czarnecki. However, 
an easier and more systematic design method is given here. 
The susceptances can be satisfied by placing resonant 
frequencies near the frequencies at which the susceptances 
should be satisfied. If the susceptance is positive, the 
resonance frequency will be slightly higher, and if the 
susceptance is negative, the resonance frequency is 
slightly lower than the frequency. Total n L-C series 
circuits can satisfy the required susceptances at n
frequencies. Under certain conditions, some of them can 
be omitted. However, n circuits are used for n frequencies 
in this paper. The total susceptance is the sum of the 
susceptances of the individual L-C circuits.
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Let us make a susceptance vector, B, gathering 
susceptances to be satisfied; and a capacitance vector, C, 
gathering capacitances comprising L-C circuits.

T
nk BBBB )]()()()([ 21 wwww LL=B (30)

T
nk CCCC ][ 21 LL=C . (31)

Then, (28) is expressed as follows:

ACB = (32)

where

nnija ´= ][A (33)

    (34)

Fig. 3. Circuits adoptable in case of two frequencies

(a) series L-C circuit, (b) parallel L-C circuit

w

B

w

B

(a)                     (b)

Fig. 4. Variations of susceptances of the circuits in Fig. 3

(a) susceptance of Fig. 3(a), (b) susceptance of Fig. 3(b)
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The capacitance vector is determined by

BAC 1-= . (35)

The inductances can be determined by applying 
capacitances obtained by (35) into (29). Thus, the L-C 
network satisfying susceptances at given frequencies is 
synthesized.

(a)

B

11 CL -

11 CL -

22 CL -

22 CL -

33 CL -

33 CL -

w1rw 3rw
2rw

(b)

Fig. 5.  Parallel connection of L-C series circuits
(a) circuit diagram, (b) its susceptance variation

The circuit in Fig. 6(a) can be adopted for the same 
purpose. For this circuit, it is convenient to consider 
reactances. The reactances can be satisfied by placing 
resonant frequencies near the frequencies at which the 
reactances should be satisfied. The resonance frequency 
will be slightly higher if the reactance is positive, and the 
resonance frequency is slightly lower than the frequency if 
the reactance is negative. Total n L-C parallel circuits can 
satisfy the required reactances at n frequencies. Under 
certain conditions, some of them can be omitted. However, 
n circuits are used for n frequencies in this paper. The 
total reactance is the sum of the reactances of the 
individual L-C circuits:
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Let us make a reactance vector X, gathering reactances to 
be satisfied; and an inductance vector L, gathering 
inductances comprising L-C circuits.

T
nk XXXX )]()()()([ 21 wwww LL=X (38)

T
nk LLLL ][ 21 LL=L . (39)

Then (36) is expressed as follows:

ALX = (40)

where

nnija ´= ][A (41)

        (42)

The inductance vector is determined by

XAL 1-= .                (43)

The required capacitances can be determined by applying 
inductances obtained by (43) into (37). Thus, the L-C 
network satisfying reactances at given frequencies is 
synthesized.
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33 CL -

33 CL -

w1rw 3rw
2rw

(b)

Fig. 6.  Series-connected L-C parallel circuits
(a) circuit diagram,  (b) its reactance variation

4. Illustrative examples

Two examples are given to show the effectiveness of 
the proposal. The first one shows an application of the
series-parallel compensator to a power system with a non-
linear load. The second example shows an application of 
the L-C network to a system with a thyristor-controlled 
rectifier, where harmonic isolation is needed. 

4.1 Compensation when nonlinear impedance is given
As a first example, a single-phase system is considered. 

The fundamental frequency is 60 Hz, and 3rd, 5th, and 7th 
harmonics are included. The line voltage is given as 
follows:

               (44)

The average power of the load is 42 [kW], and the load 
admittance is given in Table I. Let us express the line 
voltages as the following vector:

T]6541520454015400[s °Ð°-Ð°-Ð°-Ð=V . (45)

Each entry is a phasor with rms magnitude, and its 
frequency is given in the corresponding entry of the 
following frequency vector:

T]42030018060[2p=Ω . (46)

1L 2L 3L
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Table I. Admittances of load

For unity power factor, the power should be distributed 
according to (9) and the source current is given according 
to (10) as follows:

kW]0.0041    0.1037    0.4148    41.4774[s
T=P   (47)

T]65.041155.184510.371596.031[s °Ð°-Ð°-Ð°-Ð=I .(48)

From (13), the reactance of the series component is given 
by

W= T]0.7414    2.0993    1.5047    0.7414[SX .   (49)

The load voltage is given by

        .]54.1207.443.5622.77

66.3194.2425.88407.32[
T

L

°Ð°-Ð

°-Ð°-Ð=V   (50)

The load current is given by

      .]92.7830.111.5537.5

95.3605.1119.12144.01  [L

T°Ð°-Ð

°-Ð°Ð=I   (51)

The required compensation current is as follows:

   .]12.14462.046.440.37

156.3114.912.6482.26  [C

T°Ð°Ð

°-Ð°Ð=I   (52)

From (17), the desired susceptances of the parallel 
element are given as entries of the following susceptance 
vector: 

T
P ]0.1520  0.0162   0.2128    0.2020[ ---=B .   (53)

Thus, reactances and susceptances for series and parallel 
elements are obtained. Next, we will synthesize L-C 
networks satisfying the required reactances and 
susceptances.
The procedure (30)-(35) can be applied to get appropriate 
components, after negating and taking inverses of 
reactance vector Xs given in (49):

S]1.3489   0.4763   0.6646   1.3489  [S
T----=B .      (54)

The resonance frequencies for 4 series L-C circuits are 
selected as follows:

T]41029017057[2res_s p=Ω .   (55)

The matrix in (33) is constructed as follows:

.             (56)

The required capacitances are given by

F]23.4    17.8    72.8    400.1[S
1

SS mT== - BAC . (57)

According to (29), the required inductances are given by

mH]6.45    16.93    12.04    19.49[S
T=L . (58)

The circuit of the series element designed with parallel L-
C circuits is shown in Fig. 7.

Fig. 7. Implementation of series element with series L-C circuits 

in parallel.

The parallel element can be implemented with 4 parellel 
L-C circuits satisfying the susceptances given by (53). The 
procedure (38)-(43) can be applied to get appropriate 
components, after negating and taking inverses of 
reactance vector BP given in (53):

T
P ]6.5809    61.8915   4.7000   4.9516  [ -=X . (59)

Their resonance frequencies are selected as follows:

T]450  310  160  70[2res_P p=Ω . (60)

The required capacitances and inductances are given by

F]180.6    127.7    482.4    2467.0  [P mT=C     (61)

mH0.693]    2.065    2.051    2.095  [P
T=L .     (62)

The circuit of the parallel element designed with series L-
C circuits is shown in Fig. 8.

Fig. 8.  Implementations of parallel element with parallel L-C 

circuits in series.

4.2 Harmonic isolation
As a second example, a power system with a thyristor 

controlled rectifier is considered. The line voltage is 
sinusoidal and its rms value is 220 V. The load current of 
the thyristor rectifier is 20 A dc. The rectifier’s firing 
angle is 30 degrees. The fundamental frequency is 60 Hz.
Only the 3rd, 5th and 7th harmonics are considered for a 
simplicity. Although a parallel element can compensate 
reactive power, a series-parallel compensator is 
considered. Its series element blocks harmonic voltages 
which can exist in an actual situation. Its parallel element 
traps harmonic currents. The line voltage is expressed as 
follows:

T]000000000220[s °Ð°Ð°Ð°Ð°Ð=V . (63)

Harm. order 1 3 5 7

i

LGw
0.25 0.225 0.2 0.25

i

LBw
0.25 - 0.125 0.125 0.2

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é

----

---

--

-

=

  53446   2404   517   50  

4057    26869   892   71   

1401    1840    9339   126   

385    394    431    4903

SA

mH  2.095 mH  2.051 mH  2.065 mH  0.693

F2467.0 m

Ci

F482.4 m F127.7 m F180.6 m

mH45.19 mH04.12 mH93.16 mH45.6

F4.23 mF8.17 mF8.72 mF1.400 m

Si
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.]         0.0409[ T
P ¥¥¥=B

   .]102
7

1
150

5

1
90

3

1
031  [

2440
L

T°-Ð°-Ð°-Ð°Ð=
p

I
Si

F0.20 mF0.30 mF0.50 mF8.202 m

mH7.18mH9.38mH15.64

mH2.78 mH3.56 mH9.47

F0.3 mF0.5 mF0.10 mF0.89 m

Ci

The load current is given as follows:

         (64)

Each entry is rms phasor whose frequency is given in the 
corresponding entry of the frequency vector given by

T]42030018060[2p=Ω . (65)

The required reactance of the series element is given by

W¥¥¥= T]            0[SX . (66)

The infinite reactance means that the series element 
blocks the corresponding harmonic voltage. The reactive 
components could not be calculated through procedure 
(38)-(43), because its computation could not be performed 
with infinite numbers. A parallel resonant circuit can be 
used for each infinite reactance. After three resonant 
circuits are designed, a single capacitor or inductor can be 
selected for satisfying reactance for fundamental 
frequency. The required capacitances and inductances are 
given by

F]20.0    30.0    50.0    202.8[S mT=C               (67)

mH]7.18    9.38    15.64    [S
T¥=L . (68)

The susceptances of the parallel element are given by

(69)

The reactive components could not be given through 
procedure (30)-(35), because its computation could not be 
performed with infinite numbers. A series tuned resonant 
circuit can be used for each infinite susceptance. After 
three resonant circuits are designed, a single capacitor or 
inductor can be selected for satisfying susceptance for the 
fundamental frequency. 10 μF, 5 μF and 3 μF are selected 
for the series L-C circuits resonating at the 3rd, 5th and
7th harmonics, respectively. The required inductances for 
resonances are given by

mH]47.9    56.3    78.2    0.0  [P
T=L .   (70)

Capacitance of 89 μF is selected for achieving 0.0409 S at 
the fundamental frequency including 3 resonant circuits. 

F]3.0    5.0    10.0    89.0   [P mT=C . (71)

The designed circuit is shown in Fig. 9.

5. Conclusion

In this paper, passive series-parallel compensation is 
studied. The series-parallel compensation is useful in 
achieving high power factor by compensating a nonlinear 
load whose impedances are given at specified frequencies, 
and in isolating a power source from a load with respect to 
harmonics. An easy method to synthesize L-C circuits to 
have specified reactances or susceptances at predefined 
frequencies is proposed. It is expected to contribute in
power factor correction and harmonic isolation. 

(a)

(b)

Fig. 9.  Series-parallel compensation network: 

(a) series element, (b) parallel element
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